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There had been an interesting problem whether any intermediate propositional
logic had the finite model property (fmp). Jankov [3] answered to this problem
that there exists an intermediate logic without fmp. On the other hand, Hosoi 2]
defined a classification of the intermediate logics by the notion of slice. Jankov’s
example of the logic without fmp is known to belong to the w-th slice &,. It has
remained open whether any intermediate logic on the finite slices has fmp.

In this paper, we will show that any intermediate logic on the finite slices has
fmp. It should be mentioned here that Mr. Masahiko Sato has obtained the same
result independently.

§1. Preliminaries.

By a logic we mean a set of propositional formulas which is closed under sub-
stitution and modus ponens and contains intuitionistic axioms. We write W and
LJ (or LK) the set of all propositional formulas and the intuitionistic (or classical)
propositional logic, respectively. Let P be a pseudo-Boolean algebra (PBA). We
write L(P) the set of all formulas valid in P. (For the definitions and notations
undefined here, see the reference [2].)

We begin with the definition of finite model property.

DEFINITION 1.1. A logic L has fmp if there exists a set of finite PBAs
{P; i€} such that L:‘.I;}IL(P‘).

We write 4(L) and 2*(L), respectively, the Lindenbaum algebra of a logic L
and the subalgebra of A(L) generated by elements corresponding to propositional
variables a,, @, -+, @,. We call an algebra P, PBA even for the case that P has
only one element. Then, the following theorem is well-known.

THEOREM 1.2. For any PBA P, L(P) is a logic. Conversely, for any logic
L, L=L(}.(L)):ngw L((L)).

Now, we define a sequence of formulas 4, (#=0,1,2, ---) which characterize
the notion of slice.
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DEFINITION 1.3,
( 0=
(A oy (@1 D A2) Dt ) Dy (20) .

The following theorem, which can be regarded as defining the notion of slice,
was proved in [2].

THEOREM 1.4.
Le& if and only if AselL
Les’, if and only if A.el and A,,¢L (1=2n<ow)
Les, if and only if for any n A.€ L.

It is obvious that &% ={W} and &,=={LK}. We write —» the operation in PBAs
corresponding to the logical connective .

DEFINITION 1.5. Let P be a PBA and 1 be the maximum element of P. A
subset F of P is a filter of P if it satisfies the following conditions:

(1) 1leF.

(2) If xeF and 2—yeF, then yeF.

DEFINITION 1.6. Let P be a PBA and F be a filter of P. We define a rela-
tion ~. on P as follows:

2~zy if and only if x—>yeF and y-ozekF.

Then, the following theorem is well-known.

THEOREM 1.7. For any PBA P and any filter F of P, the relation ~p is
an equivalence relation, and P/~r is naturally a PBA. {We write P/F for
Pl~g)

DerFINITION 1.8. A PBA is irreducible if the set P-, obtained from P by
deleting the maximum element, has the maximum element. In what follows the
maximum element of P~ is denoted by 2, or 2.

Clearly, if P is an irreducible PBA, P~ is a PBA and isomorphic to P/{1, 2}.

LEMMA 1.9. If P is an irreducible PBA and A.cI(P) (1=n<w), then
A, e L(P).

PROOF. Suppose that A,.,€ L(P~). Then there exists an assignment f of
P~ such that f{4, )¥1,-. Then, we can prove that f(a,) <l,- for any i<n-—1.
Let f* be an assignment of P such that f*(a,)=2, and f*(@)=f(a,) 0=i<n—1).
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Then we can show f*(4,)=2,. Hence A, L(P).

§2. Main result.

Though (LJ) is infinite (cf. Nishimura [4]), we can prove the following lemma

by Diego’s technique [1].

LEMMA 2.1, For any m, n<w, if A.€ L(P) and P has m generators, P is
a finite PBA.

ProoF. We prove this by the induction on n. We write #(P) the cardinality
of P. If n=0, L(P)=W and therefore #{P)=1. Next, for any x € P such that
x#1, let S, be the class of all maximal elements of the set {/' | F is a filter of P
and z¢ F'}. By Zorn’s lemma, S, is not empty. We put szlejl’S: and 7=
(P/F)pey, where (P/F') ., is the Cartesian product of the family {?}FIFQ Vi of
PBAs. Suppose that k: P—IT is a mapping such that z+—(hz(2))p.r, where hp: P->
P/F' is the canonical mapping. Then h is 2 monomorphism. Hence, #(P)<8(I]).
Thus the proof is completed if we prove that #(/7) is finite. This is ascertained
by the following statements:

(1) g<wvFeV BPF)<q.

(2) 3r<w #HV)Zre™.

ProoF oF (1). Let z,, 2., ---, 2, be the generators of P. Then {hz(z,), hp(z.),
co o, hp(zn)} generates P/F. This PBA P/F is irreducible because F' is a maximal
filter. Since A,¢€ L(P/F"), A,_,e L((P/F)") by Lemma 1.9. By the inductive hypo-
thesis, k=#(2"(LJ+ A,_,)) is finite. We put g=k+1. Then, #(P/F)")<q-—1 and
#P/F)=q.

PRroOF OF (2). The cardinality r of the class of all PBAs whose cardinalities
are at most ¢ is finite if we identify isomorphic PBAs. It should be noted that
the equality F=F" does not follow from the property that P/F is isomorphic to
P/F’. We consider the cardinality of the class C=={F” | P/F” is isomorphic to P/F'}.
Suppose that F'5F’. Then we can prove Az¥¢hy, where ¢: P/F’>P/F is an
isomorphism. Hence, (hg(x,), - -, hp(x,) FE(Php (), - - -, Php(x,)). Therefore $(C)
<q™. Hence, #(V)<rq™.

Now, we can prove our main theorem.

THEOREM 2.2. If Le s, for some n<w, then L has fmp.

PrRoOF. By Theorem 1.2, L= n L(4*(L)), and by Theorem 1.4 and Lemma 2.1,
(L) is finite. e

It is known that L has a Kripke model if L has fmp (Ono {5]). Hence, the



120 Yuichi KoMoORI

following corollary is obvious.

COROLLARY 2.3. If Le ., for some n<w, then L has a Kripke model.
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