BCK ALGEBRAS AND LAMBDA CALCULUS

Yuichi KOMORI

The name of BCH-algebras originated from three

combinators B Xrz xiyzd, © = Axrz.xzy and K = Xuy

lambda~calculus,. When we give Gentzen twpe formulation of

BCE~-algebras, the weakening rule and the exchanging rule
correspond to the combinators K oand O, reép%;tiuely. In ®)
this nate, we will explain those relationship and state
exactly the result in Bunder and Meyer [1] (the expresszion
in [11 lTacks an accuracri.
The theary of tvpe aea{f@ﬁmeﬁt to lambda-termz iz 4
closely relafed to the implicational'¥ragment af Gentzen =
Matural Deducticon far infuitiunistic lTagic. Raugth
speaking, for any claosed lambda-term M and any type
aas%§ment oA to M, £ is & provable implicatjonal formula in 0

intujitionistic logic and M repreaents the framswork of =
proof of & in Matural Deddctian [SHN I+ we 1imit 1ambda-—
terms to BCK terms, we obtain the same reslationship between
BCH terms and BCK logic. It is noted here that any BECH term
iz stratified though lambda-terms are not necessarily

stratified.

This paper iz in final form and no wersiaon of it will be
submi tted for publication elsewhere,



1. Lambda calculas and type assignment to lambda-terms

We assume the familiarity with the theorr of type
azsignment to lambda-termz (cf. [21r. We will prezent =a

izt of main facts and open problems on this field,

FACT 1.1. There exists a closed lambda-term M such

that . MeN if zand only if a trpe—scheme O is provablisz in
Ty , ST e

n

intuitionistic logic. Here we regard trpe—schemes &

implicationa]l formulas.

THEOREM 1.2 ¢ HirckKawa 131 v,  Far any 1ambda-term M:
we then

Mix g M-

Theorem 1.2 iz a positive answer to x problem in the

firet draft of this note., It strengthens Theorem 7.28(B) in
[zl.

DEFINITIDN 1.3, Let o and @ be implicational formulas.
o zubr B denotez t B zubstitution instance of &. It

i= obu§0u5 that the relation subs iz & paeudo-arder

be a set of implicational formulas. e

oy

relation. Left

L]

call an implicationa]l formula & minimal in 5, if & iz an

T

lement of S and of sub¥ @ ¥0bkany'@ in 5 =uch that @ szub’ .

LK ¢ LJ or LBCK 3 denctes the set of implicatianal

formulas provable in classical logic s intuiticnistit logic

or BCK logic ¢ cf. [4] ar [2] 3, hespectiuely Y,



PROBLEM 1.4. For any implicaticnal formula &, are the

. o I ey e ey e wYe0 )
following (&) and k) true 3 ({i&?“%f"'?;“ 0)>4 )o
: A
iay of iz minimal in LK if of i=s minimal in LJ. o, ©
fhy of iz minimal in LI if & is minimal in LECH. \ﬂoé

PROBLEM 1.5. Let an implicaticnal formula X be minimal
in LJ. bLet M oand M be closed lambda-termsz. in Bh-normal

form. Then, is it ftrue that M is congruent to M if

t:r:—sk MeX 5‘5“?’ t.TH)\ MeRk = Neo - Tatsuwle , Minte

14 the abouve problem witdl be selved in the positive, it

me

g
m
bt

ns the unigueness of MJ proocf in normal form for
minimal implicational formula in LJ.

2. Type assignment to BCK terms

We begin with the definition of BCK Jambda-terms.

DEFINITION 2.1 ( BCK iambda—tefms . The zet of

m
u
e

expressions called BéK lambda—terms, which iz a subset of
the zet of lambda-terms, iz defined inductively as follows:
tay  All variables are BCE lambda-terms.

(b3 I+ M and M are any BCK lambda~terms such that

]

FLicH» a FUicks ¢, then MM? is a BCHE lambda-term.
‘cy I M is any BCK lambda-term and % iz any wariable,

then (Ax.M> is a EBCK lambda-term.



n

i,

DEFINITION 2.2 ¢ BCK CL-terms ). The =zet of

expressions called BCK CL-terms, which i

a subset of the

[H]

s2t of Cl-terms, is defined inductively azs follow

in

(a2 All wvariables and three combinators B, C and K are
BCK ClL-terms.
(b IF Miand Woare any BCK ClL-terms szuch that

FLiMs  FUCNY = ¢, thern MMy i2 a BCH Ch-term.

We can define a BCK ClL-term X+=.M for szach variakle
and sach BCK CL-—term M, with the properte that

EX+R MO B

il

[ I

DEFINIfION 2;3 f BCK abztraction ).’ For each BCR
CL—term M and =ach %, a BCH DL—ferm called A+=z.M iz defined
by induction on M, thus:

far A+xz.M = KM ifox * FQiH)}

[ DI € ST I where I = CHRK;

Lo AtE U = BUC 4w WD if o2 €& FLOUag

tdy o X+w U

i

[s39 € FIRIbLY if = € Fuols,

FACT 2.4. () +x.MIM bBehaves Tike a R-redex; that is

OUFL MM B MR IHM,



DEFINITION 2.5 (The H+—trane¥armaticn . To esach BCE
“lambda—term M we assosiate a2 BCK Cl-term called MH+\{ or
usually just My 2, thus:

"
My

Cal My
b

(hy (MM MMy

i

tor ey = Aexl (M.

THEOREM 2.4. For any BCHE Tambda-term M: i+ H is H+,
then
Mpx =g M-

Theorem 2.4 can be strengthened in the same wayr as

Theorem %.2800b) in [21, as follows.

THEOREM 2.7 ¢ Hirokawa [31 ». . For any BCK lambda-term
M: i+ H iz H+, then

The following is a BCK wersion of Fact 1.1.

FACT 2.8. There exists & closed BCH 1ambda-term M =such

that r}gx Meod i+t and only if an implicaticnal formula &K is

provable in BCK logic.

Mext, we shall state zome results in Bunder and Meyer

w

FACT 2.9. &ll BCK lambda—-terms are stratified.



We have the following by Fact 2.% and Theorem 13.24 in

F&CT 2.10 ¢ Theorem 1 in 011 3. Emer? clozed BOH

jambda—term has & principsl frpe-scheme,

FACT 2.11 ¢ énaccurate form of Theorsm Z in 013 3. T4

d~7§ wand ¥ are principal type—schems of zome closed BCE

&6,

¢
o+
i

mn

ance

lambda—terms, then there sxizt substituiion ins

and & aof A>f and ¥ respectively such that @1 iz a principal

i
0

tvpe—scheme of zome closed BOK Tambda-term.

g

The combinator LW

W

Axyx¥xFy 3 corresponds to th
LJ

The fact that

contraction rule of Gentzen =
intuitionistic logic iz obtained by adding the contraction
rule to BCE lagic corresponds to that the combinator 3 can

r

ke constructed with using onl> the codbinators B, ©,
. L

X

and
. fActually, we can construct 5 without using K, thus:
BCBWIEYD = =
BiBIBWIERC cgn =
In wiew of the facts in this note, we had befter hawe ramed

three logics, called LEC&, LBCE and LBCC in [41, LBy LEC, and
SEAN $§

by posing an open prablsm.
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PROBLEM 2.12 ¢ & BPCEKE wersion of Prablem 1.5 3. Let an

implicational formula & be minimal in LBCE. Let M and M be

closed BCK lambda—terms in @-normal form. Then, is it true

that M iz congruent to B O0f }‘T’&‘A Medk and "Tr-’i")\ HexX 7
¢
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